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An elastic-plastic bar with simply connected cross section Q is clamped at the 
bottom and given a twist at the top. The stress function u, at a prescribed cross 
section, is then the solution of the variational inequality (0.1) 
minL,EK{jP /Vvl’- 28, ,f, v) = Ja lVul* - 28, J’c u, u E K, where (0.2) K = 
(v E Hi(Q), IVv I< 1 a.e.} and 0, is equal to the angle of the twist (after 
normalizing the units). Introducing the Lagrange multiplier ,I,,, the unloading 
problem consists in solving the variational inequality (0.3) min,,,(~c IVv1’ + 
2 joLo, Vu - 20, J‘, u} =j, (Vwl’ + 2 I, &,Vu . VW - 213~ 1, w, w E K, where e2 
is the twisting angle for the unloaded bar; 0, < 8,. Let (0.4) K* = (v E HA(Q), 
-d(x) < v(x) <d(x)\, where d(x) = dist.(x, aQ), and denote by u*, w* the solutions 
of (O.l), (0.3) respectively, when K is replaced by K*. The following results are 
well known for the loading problem (0.1): (0.5) u = u*; (0.6) the plastic set P = 
(x E 8, IVu(x)l = 1) is connected to the boundary. In this paper we show that, in 
general, (0.7) w # w*; (0.8) the plastic set p= (x E a lVw(x)l= 1) is not 
connected to the boundary. That is, we construct domains Q for which (0.7) and 
(0.8) hold for a suitable choice of 0,, &. 
1. THE LOADING PROBLEM 
Let Q be a simply connected domain in R2 with piecewise C3 boundary; thus 
aQ consists of a finite number of C3 disjoint arcs S, ,..., S, and each Si is C’ 
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up to the end-points Vi, Vi+, (I’, + i = Vi). We denote by ai the angle, 
opening into Q, formed by Si, Si+ , at Vi+ i (S, + i = S,), and assume that 
ai < n. 
Points in R2 will be denoted by x = (x, ,x2). 
We introduce the sets 
(1.1) 
K = {u E H;(Q), 1 Vu(x)1 < 1 a.e.}, 
K* = {u E H:(Q), -d(x) < u(x) < d(x)}, 
K+ = {u E H:(Q), u(x) < d(x)}, 
where d(x) is the distance from x to LJQ. These are closed convex subsets of 
H:(Q). 
Consider the variational inequality, for a given 8 > 0, 
min 
UCK 
]j ]v~]~dx-28j udx/ =j ]vu]‘dx-28j udx, uEK (1.2) 
Q Q Q Q 
that is, 
I vu * V(u - u) dx - e f (u - u) dx > 0 VuEK; uEK. (1.3) Q Q 
Similarly consider the variational inequality (1.3) with K replaced by 
K+(K*) and denote its solution by u”(u*). It is well known [3] that u” E K 
and, since Kc K+, u” must be the solution of (1.3). Thus u” = U. Similarly 
u* =u. 
We denote the solution u by Qe. It is well known [4, 1 l] that 
A@, E W2q”(Q) vp<al; 
further [9], 4je E w;:(Q). 
The problem (1.2) arises in a torsion of a homogeneous elastic-plastic bar 
with cross section Q. The bar is clamped at the bottom and is given a twist v 
at the top. Consider the cross section Q at a fixed distance h from the top of 
the bar. The stress function u (measuring the vertical displacement) is then 
the solution of (1.2) with t9 = c,~, where co is a physical constant [ 121. By 
normalizing the units we may suppose that co = 1, so that f? equals the angle 
of twist. 
The sets 
E, = {x E &; IV@,(x)1 < I}, (1.4) 
P, = {x E 8; IV@,(x)J = l} (1.5) 
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are called the elastic and plastic sets. Let 
J$ = {x E Q; @e(x) < d(x)}, 
& = {x E Q; Q@(x) = d(x)}. 
It is not difficult to show [7] that 
E,=E,~Q, P,=P,nQ. 
(1.6) 
(1.7) 
(1.8) 
For the study of the elastic and plastic sets and of the free boundary I-, = 
aP, fY Q we refer to [7, 8, 10, 151 and to the references given therein. 
We recall [7, 151 that 
if x E P, then the shortest interval from x to r3Q is also in P, ; 
thus P, is connected to the boundary. 
(1.9) 
In this paper we consider the unloading problem; this problem was 
recently studied by Ting [ 16, 171. We begin by introducing the Lagrange 
multiplier 1, for problem (1.2), whose properties were studied by Brezis [2]: 
A, E L"(Q), 
supp& cp,, 
(1.10) 
A@, + V&V@,) = -0. 
The last equation is equivalent o 
(1.11) 
Ad + &&?p + &Ad = -0 in P,, (1.12) 
where C?J/C?P at x is the derivative in the direction of the inner normal to CJQ 
which passes through x; the normals to aQ do not intersect each other in any 
set P,, 8 > 0 (see [ 71). 
We shall refer to the torsion problem (1.2) as the loading problem; I, is 
called the warpingfunction (see [ 14, 161). 
We now fix 0 = 8, in the loading problem and consider the unloading 
problem [14, 16, 171: 
I$‘;‘,” ]Vu]*dx+2j A,;Vvdx-20, 
Q 
= j ]Vu]‘dx+2 j A,,V@,, . Vudx-28, j udx, u E K, (1.13) 
Q Q Q 
i.e., 
j 
Vu.V(u-u)dx+ /&+&,;V(v-u)dx-8, 
I I 
(v--)dx, 
Q Q Q 
VuEK; uEK. (1.14) 
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The parameter e2 represents the twist of the cross section; naturally we 
choose e2 ( 0,. (If 8, > 0, then u = !DBZ.) If the angle 8, is chosen so that 
I udx=O (1.15) Q 
then we speak of total unloading. 
Consider the variational inequality 
J 
Q 
VU * V(U - U) dx + i j b{(X) U(U - u)xi dX - ( f(X)(U - u) du > 0, 
i=l Q 
;vEK; uEK, (1.16) 
where 
bi E L”(Q), f E L”(Q). (1.17) 
The following result is a special case of a regularity theorem due to Brezis 
and Stampacchia [4] and Gerhardt [ 11). 
LEMMA 1.1. If (1.17) holds then any solution u of (1.16) satisfies 
duELP(Q)Vp< co. 
It follows that Au E L”(Q) Vp < 00, where u is the solution of the 
unloading problem ( 1.14). 
Ting [ 16, 171 considered the unloading problem with K replaced by K*, 
namely, 
min 
verc* 
. ]Vv/‘dx+2( A,,V@,;Vvdx-28, 
Q Q 
=j 
Q 
(Vu]2dx+2j A,,V$,;Vudx-2&j udx, u E K*. (1.18) 
Q Q 
He shows that there exists precisely one value 8,, 0 < 8, < 8,) for which 
(1.15) holds. (The same fact, with identical proof, holds for (1.13).) He then 
asserts tat the solution u of (1.18) satisfies 
IV~(Xl~ 1 a.e., (1.19) 
and must therefore coincide with the corresponding solution of (1.13). The 
proof given in [ 16, p. 569, subsect. 31 is based on an incorrect quote of [4, 
Lemma III.lO]. In fact, as we shall show later on, assertion (1.19) is 
generally false. Thus problem (1.18) studied in [ 161 is not the correct 
physical problem. The same goes for the subsequent work [ 171 which is 
concerned with a sequence of loadings and unloadings. 
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In Section 2 we shall consider the variational inequality (1.18) studied by 
Ting [ 161 and obtain a simple formula for the solution U: 
U=@ 8, - 2@m,-o*v2- (1.20) 
This formula can be extended to the sequence of variational inequalities 
considered in [ 171; this is done very briefly in Section 8. 
In Section 3 we use formula (1.20) in order to disprove assertion (1.19). 
Consider now the unloading problem (1.13); the plastic set for the 
solution ZJ is, by definition, 
P @,02 = (x E s; lVu(x)l= I}. (1.21) 
In Section 4 we establish some general properties of U. In Section 7 we give 
an example whereby 
P B,B, lies in the interior of Q. (1.22) 
This is radically different from the behavior of te plastic set for the loading 
problem (see (1.9)). The example given is for a trapezoid Q which is a small 
perturbation of a square, 8,) which is sufficiently large, and 19~ - 8,, which is 
sufficiently small. 
The proof requires a detailed study of the zero-level curves of &v/ax,, 
where w is the solution of dw = -1 in Q, w = 0 on aQ; this is done in 
Section 5. Another auxiliary result is proved in Section 6; it is concerned 
with the location of the points where the free boundary r,, is tangent o the 
zero-level curves of awlax, (for a suitable 8,). 
It would be interesting to find out whether an example satisfying (1.22) 
exists also in the case of total unloading. 
2. THE VARIATIONAL INEQUALITY (1.18) 
The variational inequality (1.18) can be written in the form 
I Vu*V(v-u)dx+ A,,v@,,.v(v-u)dx-f?, (v-u)dx>O Q i Q I Q 
‘dvEK*; uEK*. (2.1) 
THEOREM 2.1. Let u be the solution of (2.1) with -0, c 8, < 8,. Then 
u=@,, - 2*w,-e,,,z- (2.2) 
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Prooj We shall need the following results, obtained by comparison: 
if O<p<cz then @s<@=, P,cP,, 
(2.3) 
*I3 < @a in E,cT Q. 
Denote the right hand side of (2.2) by w. Then clearly w < d in Q. By 
(2.3), 
w>--d, 
and w = -d if and only if 
@e, - *w, -8*V2 = 0, 
i.e., if and only if x E Pc01-02b,2. 
If-x @ pw,-O*VZ’ 
= -8, - 2~q~,-~,~,~ = -el + 2 - 2 =- 2, 
e 
whereas if x E Pc0,-02j,2, 
- 
Aw + V(A,, V@,J = -0, - ~A!ZJ~~,-~,,,~ < -8, + 2 4 02 2 = -0,. 
Since w is also in W2,p(Q), it must then be the solution of the variational 
inequality (2.1). 
As shown by Ting [16], there exists a unique value 0, such that the 
coresponding solution u of (2.1) satisfies 
i 
udu=o, (2.4) 
Q 
and 0 < e2 < 8,. In view of Theorem 2.1, 8, is determined by 
i Qe, dx = 2 @w,-02vz dx. Q I Q 
(2.5 1 
Define y > 0 by 
i 
@,,dx = 4 
I 
Q d(x) dx; (2.6) 
Q 
since ae T d as t9 T co and a0 = 0, such a y exists and (by (2.3)) is unique. 
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COROLLARY 2.2. If u satisfies (2.4) then 
8, - 8, < y. 
Indeed, since Qe, < d, (2.5) gives 
(2.7) 
c @c8,-023,2 dx < I d(x) dx = I Qjz dx. Q Q 
Recalling (2.3), the assertion (2.7) follows. 
3. COUNTEREXAMPLE TO (1.19) 
Consider a trapezoid Q with horizontal sides 
x2 = -h, -b<x,<b, 
x2 = h, -a<x,<a (0 < a < b) 
and lateral sides 1,) 1, connecting respectively (-b, -h) to (-a, h) and 
(b, -h) to (a, h). 
THEOREM 3.1. For any positive constant B there exists a positive 
constant A such that if 8, > A and 8, - 8, < 2B then the solution u of (2.1) 
satisfies 
IVu(x)l > 1 on a non-empty subset of Q. (3.1) 
Proof Consider the function 
z(x)= @ct+e*uz(x1~ -3) - @co,-e,u2(xl~ -4 
in the trapezoid Q, obtained by reflecting Q n {x, > 0} across x2 = 0. As in 
[8] we find, using the maximum principle, that z > 0 in Q, n Ete,ps,uz. 
Since z(xr , 0) = 0, the strong maximum principle gives: az(xi, 0)/8x, < 0 if 
(x1 9 0) E %, -82j,2. Hence 
We conclude that for any positive number B there exists a neighborhood N 
of (0,O) such that 
w-e,&) < 0 if xEN, 4 - 6 ~ < B. 2 (3.2) 
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If 8, is sufficiently large, say, 8, > A, then (see [7]) P,, intersects N below 
the x,-axis. Hence 
-$ @e,(x) = 1 on some subset N, c N, N, # D 
2 
But then recalling (3.2), 
Gg = g @p,, - 2 & @W-B*~,2 > 1 if xEN,, 
2 2 2 
and (3.1) follows. 
From Theorem 3.1 and Corollary 2.1 we obtain 
COROLLARY 3.2. If 6, is suflciently large then the solution u of (2.1), 
(2.4) satisfies (3.1). 
Theorem 3.1 can clearly be extended to other domains. 
4. GENERAL PROPERTIES FORTHE UNLOADING PROBLEM 
Consider the unloading problem (1.13) (or (1. l)), and denote the solution 
by u. 
THEOREM 4.1. There holds 
u<@,, in Q, 
if u(x) = ‘Be,(x) then x E P,, and ]Vu(x)] = 1. 
Proof Consider the function w = u - @,, , Suppose 
w(x”) = m;x w > 0. 
(4.1) 
(4.2) 
(4.3) 
Then we must have 
I Vu(xO)l = 1. (4.4) 
Indeed, if ]Vu(x’)] < 1 then [Vu ] < 1 in some neighborhood N of x0. Conse- 
quently 
Also 
Au + V@,, VcP,J = -8, in N. 
A@,, + V(& W,,) = -0, in Q. 
505/41/2-3 
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Hence dw = 8, - 0, > 0 in N. Since, however, w takes a maximum at x0, 
dw(x”) < 0, a contradiction. 
Now, from (4.3) it follows that Vw(x”) = 0, and using (4.4), 
IV@,,,(x”)( = 1, i.e., x0 E P,,. (4.5 ) 
But then Ge,(xo) = d(x’), so that 
w(x”) = u(x”) - d(xO) < 0 (since u < d), 
contradicting the assumption w(x”) > 0. We have thus proved that (4.3) is 
impossible, which establishes (4.1). 
Since w < 0 in Q, at a point x0, where w(x”) = 0, w has a maximum. The 
above proof then gives (4.5), so that x0 E P,,. Consider the line segment I 
connecting x0 to the nearest point x1 on aQ. Then 
#(X0) = @ps,(xo) = d(xO), 
IVUI < 1, ad/& = 1 along I, 
where a/& is the derivative in the direction of 1. Since u = d = 0 at w’, it 
follows that u(x) = d(x) for all x E 1. Hence I Vu(x’)l = 1. This completes the 
proof of (4.2). 
5. THE ZERO-LEVEL CURVES 8w/8x2 
Consider an (open) trapezoid Q, with horizontal sides 
x* = -1, -(l +E)<XI<(l +s), 
x2= 1, -( 1 + E) + CE < x, < (1 + E) - CE, 
where E is any small positive number (0 < E < so) and c is sufficiently small. 
We designate the vertices of Q, by 
A,=(-(1 +&),-I), B,=W +&h-l), 
c, = (-(1 + E) + CE, l), I),=((1 +&)-CCE, 1). 
Denote by PA, j?, the bisectors at A, and B,, respectively, pointing into Q,. 
PA divides Q, into two regions: 
Qz,,, (upper-left) containing C,, 
Q$, (lower-right) containing B,. 
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The constant c is chosen sufficiently small (independently of a) so that 
the reflection u(Qz,,,) of Qz,,, about PA is contained in Q%,. (5.1) 
By symmetry, a similar fact holds with respect o the bisector /I,. 
We denote by Q, the square 1 (x, ( 1, -1 (x2 ( 1. 
Let w, (0 < E < so) denote the solution of 
dw, = -1 in Q,, 
(5.2) 
w, = 0 on aQ, . 
The following notation will be used throughout this and the next two 
sections: 
N, = S-neighborhood of the vertices of Q,, 
R, = d-neighborhood of (0,O). 
(5.3) 
(5.4) 
LEMMA 5.1. w, belongs to C”a(Q,) for any given 0 < a < 1, provided E 
is suflciently small; more precisely, the derivatives Dw, are bounded by C 
and satisfy a unifdrm Hiilder condition (exponent a) with coeflcient C,, 
provided E < c*(a), where C, C, are independent of E. 
Proof If suffices to consider w, in a neighborhood of a vertex, say, A,. 
Consider the conformal mapping [= zy (z = 0 corresponds to A,) which 
maps the angle at A, onto an angle with opening n/2, say, 0 < 19 < 7r/2. Then 
y = 1 + O(E). The function 
satisfies 
v,(C) = fi,,(z) (G&) = WAX>> (5.5) 
Llv, = -(y Izl’-‘)-’ 
and v,=O on B=O, 8=7r/2. Hence v,([)EC*+“’ (a’= 1 -CE) and 
Vv,(O) = 0. From this and (5.5) follows the assertion. 
By standard elliptic estimates, for any 6 > 0, 
lD‘%(x)l G Ca in Q,W, (0 < IPI < 3); (5.6) 
the constant C, is independent of E. Since w, = 0 on r3Q,, it follows that 
with another constant C,. 
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By Lemma 5.1 we get 
I wdx) - WAXI G CE on aQo, (5.8) 
where C is a generic positive constant independent of E. Also, 
- - 
WJX) - w,(x) = 0 on A,B,u C,D,, 
where A,, = A,, B, = B,,... when E = 0. 
Using standard elliptic estimates we conclude that 
(5.9) 
IDY%(X) - w,(x>)l G c E in every compact set K c & (0 < 1 y I< 2), (5.10) 
where 
0 = &\(A& u%Dd (5.11) 
Denote by r the reflection with respect to x2 = 0 and denote by Q* the 
image of Q, n {x2 > 0} under r. Applying the maximum principle to 
z(x) = w,(x) - w,(z-Ix) (5.12) 
in Q* we find that z > 0 in Q *. Since z = 0 on x2 = 0, the strong maximum 
principle gives 8z/&, < 0 on x2 = 0, so that 
aw,/ax, (XI 9 0) < 0 if (xI,O)EQ,. (5.13) 
Noting that 8w,/& < 0 on the remaining part of Q, r7 {x2 > 0}, the 
maximum principle gives: 
LEMMA 5.2. There holds: 
awe/ax, < 0 in Q, 0 {x2 > O}. (5.14) 
In the accompanying figure we see the trapezoid Q, and the ridge R (made 
up of the inner segments). The ridge R divides Q, into four regions: T, , T,, 
T3, T4. On the center line xi = 0 we have, by symmetry, 
aw,/ax, = 0. 
FIGURE 1 
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Since 3wJ&r > 0 elsewhere on aQ, n {x, < 0}, the maximum principle gives 
awe/ax, > 0 in Q, n {x, < 0). (5.15) 
Consider the function 
C(x) = w,(x) - w,(u-lx) in dQ&J 
Using (5.1) we can conclude, by the maximum principle, that 
C(x) > 0 in dQ$J. 
Since c = 0 on PA, we get 
a(&%, > 0 on PA7 
where v,, is the normal to fiA pointing right-and-down. Hence 
aw,/av, > 0 on/L (5.16) 
Since a~,/&, > 0 on the remaining boundary of QF,4A, the maximum prin- 
ciple gives 
aw,/av, > 0 in QF,,,. (5.17) 
Combining (5.15), (5.17) we get: 
LEMMA 5.3. Denote by v the normal to A,C, pointing into Q,. Then 
awJav > 0 in T3. (5.18) 
Consider the function 
v(x) =; w,(x) + g w,(u-‘x) 
2 2 
in the set 
&=Q,n+-4 < 141 
for any small 6, > 0. Notice that 
& c {x; x2 < -S,}. 
We have 
v(x) > 0 on A,B,na& 
(5.19) 
(5.20) 
(5.21) 
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and, by symmetry, 
Since 
r(x) > 0 on A, C, n @. (5.22) 
aw(& > 0 in Q,n {x2 <01, 
by (5.10) we also have 
aw,px, > 0 onanyarcAc@n(Ix-A,I=l-6,} 
whose end-points are at distance 28, from aQ,; 6, is any fixed small positive 
constant and E is sufficiently small, depending on 6,. 
Next 
awpx* > c, > 0 in a neighborhood A of A, + (1 - 6,) 0), 
where C, and A are independent of E, whereas, by (5.7), 
aw&J- 1x)/ax2 = O(E) if xEX? 
It follows that 
v(x) > 0 on {Ix-AA= 1 -WWQF,D,>. 
By symmetry, this inequality holds also on 
{Ix-A,I= 1 -h,lnQ:,o,~ 
Recalling (5.21), (5.22), we have thus proved that n(x) > 0 on aQ, and the 
maximum principle gives: v(x) > 0 in Q. In particular, n(x) > 0 on /?, . We 
can now state: 
LEMMA 5.4. There holds 
aw,(x)/ax, > 0 if xE/3,, Ix-A,1 < fi-S,. (5.23) 
Notice that we have proved (5.23) only for Ix - A,[ < 1 - 6,. However, if 
1 - 6, < Ix - A,J < fl- 6,, then (5.23) follows immediately from (5.10) 
and the fact that L?w0/ax2 >0 in Q, n {x, < O}. 
Since 
awo(x)/ax* > 0 in Q,n {x, c 01, 
(5.10) implies that, for any 6, > 0, 
awsx, 3 -s,yax, > 0 if -1+6,<x,<l-6, (5.24) 
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provided E is sufficiently small. Using this and Lemma 5.4 we deduce, by the 
maximum principle: 
LEMMA 5.5. The following inequality holds for any 8, > 0 and 
& < E”(6,): 
aw,(x)/ax, > 0 if xET,n{x,<-6,}. (5.25) 
Consider now the set 
(5.26) 
From Lemmas 5.2, 5.5. we see that 
I’, lies in { -6, < x, < O} U {(T, U T3) n (x2 < O)}. (5.27) 
In proving (5.14) we have applied the maximum principle to the harmonic 
function z (defined in (5.12)). This function vanishes on x2 = 0 and takes 
values between 0 and CE on the remaining parts of the boundary aQ* of the 
trapezoid Q*. On aQ* n r-6 < x, < -j}, z > C,,E (C, > 0), since 
awdax, > c, > 0 A,C,rl {-$ <x2 < -f} 
(C,, C, independent of E). These facts about z imply that 
-C,~~az(x,,0)/ax,<-C,~ if -1+6(x,< 1+6 (5.28) 
for any 6 > 0, if E is sufficiently small; C,, C, depend on 6. In fact, one may 
see this by comparing z from above and below with harmonic functions 
taking values <CE and 20 in suitable rectangles contained in Q, n {x2 < 0) 
or containing Q,n {x2 < 0). 
From (5.28) we infer: 
LEMMA 5.6. For any 6 > 0 there is a positive constant C, such that, if E 
is su$%ziently small, 
-e/C, < aw,(x,, O)/ax, < --CA& if -1 + 6 < x, < 1 - 6. (5.29) 
Consider the function w,(x). By symmetry, 
a2wo/ax: = a2wo/ax: at (0,O). 
Since dw, = -1, we get a2wo/ax: = -{. Hence, by (5.6), (5.10), 
-a < a’w,/ax: < -; in IV6 (5.30) 
for any 6 small enough, provided E is sufficiently small. 
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By Lemma 5.5 and the implicit function theorem it then follows that 
r, n m, is given by the curve 
x2 = $E(Xl), (5.3 1) 
where #Jxr) and its first two derivatives in x1 are continuous functions of 
(x, , E). Differentiating the equation 
-& w,(x) = 0 (x = (Xl 3 #(x1))) 
2 
(5.32) 
we get 
a2we/ax, ax, + (a’w,/ax;) &(x,) = 0. (5.33) 
From (5.29), (5.30) we deduce that 
-c, & < !4Ax,) < C2& if Ix, 1 < 6 (6 > 0), (5.34) 
where 6 is fixed and small enough; C,, C, are independent of E. Noting by 
symmetry that 
a2wo(o)/ax, ax, = 0 
and using (5.6), (5.10), we obtain from (5.33) that 
Ywd = 41) as s-10 (/xl/ <S). 
Differentiating (5.33) with respect o x, we also get 
K(x1) = W1) as c-+0 (Ix,1 <6). 
(5.35) 
(5.36) 
LEMMA 5.7. For any c > 0 there exists a C, > 0 such that if 
x E T,\N,, 6 Q CE, (5.37) 
then 
aw,(x)/ax, < -c, 6; (5.38) 
here E is taken suflciently small. 
Proof: Letx”=(x~,l)EC,D,,Ixo-C,I=y,O<y<i.Thedisc 
6: Ix -al < y*/2 (f = (4, 1 - Y/d3 E e,> 
Lies in Q, and x0 E &. Consider the function 
[ = w, _ [e-rrlx-x12 _ e-4Y72] in B. 
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Clearly < > 0 on aB, ((x0) = 0, and 
-A[ = 1 + (4aZ Ix - xl2 - 2an) e-a’X-r’2 > 0 in B 
if a = 1/(2n). By the maximum principle we then conclude that 4 > 0 in d 
and 
agx”yax, < 0. 
Thus 
awE(xo)/ax2 < -2a(y/$) ewayy2 < -Cy. (5.39) 
Consider the rectangle fi c Q, n {x2 > 0) with C,D, as one of its 
horizontal sides and with the other horizontal side lying on x2 = 0. Let u be 
the harmonic function in R^ satisfying 
v = awe/ax2 on C, D, 
v=o elsewhere on aff. 
Then v > awe/ax2 in i?. Representing v by Green’s function and using (5.39), 
we find that for any c > 0 
v(x)< -c* Y if xET,,cy<Ix-C,J<j; 
where C, depends on c. Hence (5.38) holds if x E T, and S < Ix - C, 1 < 4. 
A similar inequality holds near the vertex D,. 
Next, noting that 
awo/ax2 < 0 in Q, n {x2 > 0) 
and using (5.10), we find that (5.38) holds also in every compact subset of 
Qn {x2 > 6,}, where 6, is fixed (but can be chosen arbitrarily small). It thus 
remains to establish (5.38) in T2 n fla,, for any small (but fixed) 6,. But this 
follows immediately from (5.29), (5.30). 
LEMMA 5.8. For any c > 0 there exist positive constants C, C, (C 
independent of c) such that if 
XE TI\&,, dist.(x, R) > 6, 6 4 CE, (5.40) 
where R is the ridge, then 
aw,cwx, 2 c, 6; (5.41) 
here E is taken suflciently small. 
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Proof: The proof for points x such that x @ N8, is the same as in the case 
of Lemma 5.7. Thus it remains to establish (5.41) if x satisfies (5.40) and 
Ix -A,\ < 6,; denote this set by w,0. 
As in the proof of (5.39) we can obtain, for any 0 < y < 6,, 
aw~(x”)/ax, > cy if xOEA,B,, [x0-A,I=y. (5.42) 
Also 
aw,/ax, >c,. > 0 on T,fI {lx-Afl=&} (5.43) 
and, by Lemma 5.4, 
awe/ax, > 0 on P.dVIx-4 <&I. (5.44) 
Comparing aw,/ax, with the harmonic function 
V(X) = C, dist.(x, p,) in T,n{IX-AEl cd,}, 
where C,/C is suffkiently small, using (5.42~(5.44), we conclude that 
aw,/ax, 2 v = C, dist.(x, p,) (5.45) 
and the assertion (5.41) in Aa0 follows. 
LEMMA 5.9. For any c > 0 there exists a positive constant C, such that 
if 
xE Tj, dist.(x, R) > 6, 6 < CE (5.46) 
then 
aw,/av 2 c, 6; (5.47) 
here E is taken suflciently small. 
Proof. The proof of (5.47) away from the vertices A,, B, follows easily 
as in the case of the previous two lemmas. Thus it suffices to prove (5.47) in 
N& the intersection of Tj with a &-neighborhood of A,. 
As in proof (5.39) we have 
r3w,(x”)/8v, > C 1 x0 - A, I if x0 E A,C,. 
Using this and (5.16), we get, as in the proof of (5.45), 
a~,/&, > Co dist.(x, p,). 
Recalling (5.15), assertion (5.47), in Ns*,, follows. 
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6. AN AUXILIARY LEMMA 
Recall that r, is defined in (5.26), and that r, n T, is given by x2 = #Jx,). 
Consider the loading problem in Q,. By [lo] the free boundary consists of 
at most four plastic components, each lying in a different Ti. The one in T, 
is given by, say, 
x2 = W&J* (6.1) 
According to [7], the free boundary in each Ti will enter any given 6- 
neighborhood of the ridge R provided 8, is sufficiently large, i.e., 8, > C/6 
for some C > 0. Let ~1 be the value of 19, such that the curve (6.1) intersects 
r, for 0, = p but does not intersect if for 0, < p, and write 
fw = {(x1, w,(-W -a, < x1 < au} 
for the free boundary of @,, in T, . Note that ,u =,u(E) satisfies (by [7; end of 
Section 41) P(E) < C’/E, where C’ is a suitable constant. 
In this section we prove 
LEMMA 6.1. There exist arbitrarily small values of E for which the 
curves r,, fW intersect at just one point, which then (by symmetry) must lie 
on x, = 0, and, for any constant C, > 0, 
-g (V&l) - #F(Xl)) <-; if lx,1 < COG (6.2) 
1 
where C is a positive constant depending on C, but not on E; E is suficiently 
small depending on C,. 
Proof Let d, = max d(x), x E Q,, and set 
z=d,-@,. 
Then, in Q,, 
-AZ > -,u, 
z > d,, - d, 
(-AZ + ,u)(z - d, + d) = 0. 
Let 
C,(x) = P(X/P)* 
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FIGURE 2 
Then, in QH = {x; x/,u E Q,}, 
-A&, > -1, 
C@ > P@o - 4X/P)) - ~,(X)~ 
(4, + l)(C, - d,) = 0. 
Take any sequence of E’S such that E -+ 0 and d,(x) -+ a(x), where (see 
Fig. 2) 
J(x, 9 x*> = x2 in i+2 
= -x2 in F4 
=x,-B in ir+4 
=-x,-B in P3 
and B is some positive constant. It follows that for some sequence of E’S 
tending to zero, for their corresponding ,U’S there holds 
<, -+ < uniformly in compact subsets, (6.3) 
where 
(-AC + l)(C - &x)) = 0 
in R2. For simplicity we denote the sequence of E’S again by E. 
We claim that c is convex; more precisely, for any direction t, 
(6.4) 
crs > 0 in the non-coincidence set. (6.5) 
Indeed, let r be any direction. Then, by CatTarelli [5], 
on the free boundary. (6.6) 
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Since the free boundary does not belong to the ridge of d (see [7]), 
drr = 0, and thus 
Cf[ > 0 on the free boundary. (6.7) 
BY [91 
lW2zl < CP in any compact subset of Q,. 
Hence 
P*r,(x)l< c if, say, 1x1 <d2. 
It follows that 
I Crl G c in R*. (6.8) 
The non-coincidence set for [ stays within a C,-neighborhood of the ridge 
of a, for some constant C, (since the free boundary of &, stays within a C,,u- 
neighborhood of the ridge (by [7]). Using this fact and (6.7), (6.8), we can 
apply the Phragmln-Lindeliif theorem to conclude that 
,xp& C,,(x) 2 0 (x E non-coincidence set). 
Hence, by the maximum principle, cts > 0 in the non-coincidence set, and 
(6.5) follows. It is easy to check that err f 0; hence c,,(x) > 0 in the non- 
coincidence set. 
Consider the free boundary f, of c in pi. Since the free boundary of 6, is 
a graph, the same is true for f,. Further, 
(-a=([-iqx2=o on ?, 
and (by (6.5)) 
in the non-coincidence set above f, ; therefore 
(c - a),* > 0 in this set. 
Arguing now as in Alt[ I] we deduce that f, is Lipschitz and hence (by [S, 
131) also analytic. 
We next claim that 
the curvature of f1 is negative. (6-g) 
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To prove it at a point Z, take local coordinates o that the free boundary is 
given by 
x2 = h(q), h(0) = h’(0) = 0 
and Z= (0,O). We then have to prove that 
h”(0) < 0. (6.10) 
Differentiating 
(C - a)&, 3 4x1)) = 0 (i = 1, 2) (6.11) 
once, we obtain the relations 
c @‘I2 XIX1 = 1 + (h’)2 ’ 
4. = l 
x2x2 1 + (h/)2 ’ (6.12) 
and twice (for i = 1) 
c x2x,x, + Xx*x2x, h’ + cx,x2x,w)2 + L*qh” = 0. (6.13) 
We see from (6.12) that c&,~, = 0 at (0,O). Since also c,,,, > 0 in the non- 
coincidence set, the maximum principle gives 
c x,x,x* > 0 at (0,O). 
Since also (by (6.12)) &, > 0 at (0, 0), it follows from (6.13) that h”(O) < 0 
and (6.9) is thus proved. 
Denote by x2 = 1,7,(x,) the free boundary of [,,. Thus 
$L(xl) = PVpWP)* 
From (6.3) we can deduce that 
(6.14) 
$,(x,) + h(x,) uniformly in compact subsets (6.15) 
where x2 = h(x,) is the free boundary P, of 4 in FI; this follows in fact by 
the same proof as in [6; Lemma 3.21. 
We shall need the following lemma. 
LEMMA 6.2. If ,u is suflciently large then the functions $,(x,) satisfy a 
uniform Lipschitz condition in x1 in any compact set, with coeflcient 
independent of ,u. 
Proof: The proof uses a method of Alt [ 11. Recall that 
lP2C,l <c in any compact set. (6.16) 
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Consider a domain D, bounded by the curves 
x2 = i&J x2 = t&(x,> + c* cc* > Oh 
Xl =a,, x2 =a2, 
and a domain D, bounded by the curves in (6.17) and by 
Xl =b*, x2 = b, (a, < b, < b2 < a*), 
such that D, c f,. Let 
(6.17) 
(6.18) 
Let r be a small positive number to be determined later on; it will depend on 
b, - a, and on C in (6.16). 
By (6.16), (6.3), (6.15) and (6.5), 
~~~W~~2  c Ix2 - IJJ-4 if x E D, , x2 - IJ,(x,) > 5, (6.19) 
where C > 0 and ,D >p*(r). Using (6.16) we also get 
lqw(x)l < Cl lx2 - &&%)I if xED,, 
I~(x>l< Cl Ix2 - &L(xI)12 if xED,. 
(6.20) 
We emphasize that the constants C, C, in (6.19), (6.20) do not depend on,u, 
t (provided p ap*(r)). Hence, for suitable positive constant A, independent 
of Pu, r, 
where 
We claim that if 
i~F2 (bi - ai) > C2 fi (6.23) 
for some C, sufficiently large (but independent of p, r), then 
r1>0 on ob,Vub2. (6.24) 
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Indeed, if (6.24) is not true then q(X) < 0 for some X E cb, U ub,. Consider 
the harmonic function 
(f(x) =q(x) + a Ix -q in D,. 
Since q(Z) < 0 and since (6.22) holds, the negative minimum of f in 6, must 
be attained on ca, U ual. Recalling (6.20) we derive a contradiction to (6.23). 
From (6.24), (6.21) we see that the harmonic function 
is non-negative on c?D,, hence positive in D,. But this easily implies the 
Lipschitz continuity of 1+7,(x,) in x,, 6, < x, < 6, (b, < 6, < &‘, < b2), with 
coefficient depending only on A and on the bi - si. 
Having proved Lemma 6.2, we can now apply the results of [5, 131 in 
order to conclude that 
for x, is any bounded interval and p sufficiently large. Therefore, by 
extracting a subsequence, we may assume that, for any C, > 0, 
VqXl) Wd 
1 + (I:>’ -+ 1 + @‘(xd2 c-c* <Xl < c*> 
uniformly in x,. Recalling (6.9) we conclude that 
?:(x,) Q -c (C > 0) 
and, consequently, by (6.14), 
v’:(x,) < -C,P < --C/E (-C*E <x, < C*E) (6.26) 
for any positive constant C,. 
Comparing this with (5.36) we see that, for any positive constant K, the 
curves x2 = 4,(x,), x2 = v/,(x,) cannot touch in any K&-neighborhood fi of 
(0,O) at two different points. Since (for some K) they do touch at one point 
(at least) in some such neighborhood N, and nowhere outside N, and since, 
furthermore, both curves are symmetric with respect o the x,-axis, the point 
of intersection lies on x, = 0. Finally, (6.2) follows from (5.36), (6.26). 
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7. INTERIOR PLASTICITY FOR THE UNLOADING PROBLEM 
Consider the function 
z=q+w,, (7.1) 
where ,u = ,u(E) is chosen as in Section 6 and E varies over a sequence --f 0, as 
in Lemma 6.1. Notice that 
Hence z is the solution of the variational inequality (1.13) with K replaced 
by K+. If the function z satisfies 
IVzlGl in Q,, (7.2) 
then it belongs to K and z is then the solution of the unloading problem 
(1.13) with 
e, = p - 26. (7.3) 
LEMMA 7.1. There exists a 8*(e) > 0 such that (7.2) holds if 0 < 6 < 
B*(E). 
ProoJ: In E, the function ] Vz 1’ is subharmonic. Hence it suffices to show 
that 
IVzl<l on P, and on aQ,\p,. (7.4) 
Recall that ,D = P(E) - C/E. Hence the proof of Theorem 6.1 in [7] gives, 
for any A > 1, 
W,I G in NEn (7.5) 
provided E is small enough. It follows that 
IVzI<<; < 1 in N,,, if 6 < S(E). (7.6) 
Since, by [9], 
ID’@, I < CobA in QJCY~~ 
we deduce from [ 7; end of Section 41 that 
dist.((P,\N,.J, R) > s*/C (R = the ridge) (7.7) 
for some positive constant C. 
505/41/2-4 
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Let 
Pi, = (pp\Np~) n Ti (1 GiiQ4). 
In view of (7.7), Lemma 5.7 gives 
aw,/ax, < -c,E~ in Pzrc. 
It follows that 
(7.8) 
/ 
2 
P12=( 1+6$,82 )I = 1 + 26 25 1
I 
a* + O(S2) < 1 
2 
provided we choose 6 g e’/C2; here and in what follows C, C,, C, are 
positive generic constants independent of E, 6. 
On P,, we have 
and, by (7.7) and Lemma 5.9, 
a zW,>C,&! 
Writing 
(A orthogonal direction to v), 
we get 
if 6 < 8/C,. A similar result holds for P.,,, . 
It remains to estimate (Vz 1 in P,, . Here 
lW2= 1 -2dax ~+s2(~)2+6’(f!5)2 (7.9) 
and 
Ah) - u/,(x,) Z C, min(x~l~~ xl) (7.10) 
by Lemma 6.1 and (5.34) (recalling that (xi, w,(x,)) E T,). 
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Since, by (5.30), awE/ax2 grows at a linear rate in a neighborhood flh, of 
(0, 0), we get from (7. lo), 
Next, by symmetry, aw,/ax, = 0 at x, = 0, so that 
law& I G c, Ix, I in P,, (C, constant). 
Substituting this and (7.11) into (7.9), we get 
1 Vz[* ( 1 - C6 min(xf/s, x1) + C6*xt ( 1 
in i”s, n P,, for some &-neighborhood ma0 of (0,O). The proof that 
(Vzl < 1 in Pl,vs, 
follows by using Lemma 5.8 and choosing 6 Q s*/C (cf. the proof in P2,,). 
We have thus completed the proof of (7.4) for x E P, provided 6 < 
min{&s), aA/C}, where J(E) is defined in (7.6). The above proof shows that 
JVzl < 1 on aP,naQ,. 
Since IV@, ( < 1 on aQ,\P,, by taking 6 to be sufficiently small, say, 
6 < &(E), we can achieve 
JVZI = IV(@, -Sw,>l < 1 on aQ,\P, . 
This completes the proof of (7.4), and thereby of Lemma 7.1, with S*(E) = 
min{d,(&), J(e), e’/C}. 
The above proof shows that the only point where IVzl = 1 is (0, i,(O)) = 
(0, v,(O)). Hence: 
LEMMA 7.2. There exists a (slclflciently large) positive constant C, and 
positive functions y(e), b*(e), such that, for a sequence of E’S tending to zero, 
and for 6 = 8*(c), 
IVZI < 1 -Y(E) in Q,%,,9 (7.12) 
where H6 = Gneghborhood of (0,O); Y(E) --t 0, d*(c) + 0 if E -+ 0. 
We now fix 6 = 8*(e) and consider the loading problem with solution 
Let 
@ uth, h > 0 (p =/J(E)). 
Z - @P+h-6w,. h.6 - 
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The free boundary for Qr +h in T, is 
x2 = YL+h(x,) 
and 
W,+hw > Y&l> whenever v/,(x*) > -1. 
Introduce the vertical segment 
u*: x, = 0, Y,(O) < x2 < w, + h(O). 
We claim that 
lV%8l > 1 on oh. 
(7.13) 
(7.14) 
Indeed, by Lemma 6.1, u,, lies in the set where 
a 
ax, 
w, < 0. 
Also 
since clh lies in P, + h. Therefore 
a 
-zh,c5 > ’ 
3% 
On uh, 
and (7.14) follows. 
Denote by [h,6 the solution of the unloading problem (1.13) when the 
loading solution is @Pr+h and the unloaded angle is 8, = ~1 + h - 26. 
LEMMA 7.3. There holds 
jV[,,, j = 1 at some points of Q,. (7.15) 
ProoJ Otherwise lh,& satisfies the same elliptic equation (with the same 
multiplier A,,,) as zh,S and, consequently, &,S EZ~,~. Since, however, 
(V[,,,J < 1, we get a contradiction to (7.14). 
Set 
z;s=z=cJu-~w,. (7.16) 
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Now, by Lemma 1.1 and its proof, 
II~s,hllwwQ~, G c VP< a, (7.17) 
where C is independent of E, 6, h. Next, the multiplier A,, +h of @,,+,, satisfies 
1 &4+/l -4l+O, as h +O, 
uniformly on compact subsets of Q,, since the corresponding free boundaries 
converge. It follows, by compactness and uniqueness, that 
II C&h - 6s llP@J + II W&h - LIlL~~QJ G I@), (7.18) 
where y(h) + 0 if h -+ 0. Recalling Lemma 7.2, we see that 
I%hl < 1 in Q,i&,, (7.19) 
provided h is sufficiently small, say, h < h*(s). 
We have thus proved: 
THEOREM 7.4. The solution c&x) obtained by loading to angle ,u + h 
and unloading to angle p + h - 28 satisfies 
IVCWZI < 1 in Q,\&,, 9 (7.20) 
l%hl = 1 in a non-empty subset of mc,, ; (7.21) 
here E varies in a sequence 10, S = 8*(e), h ,< h*(e), and C, is some positive 
constant. 
Thus the plastic set PLl+h,S of J& is non-empty and lies within C,,E- 
neighborhood of (0,O). It follows, in particular, that 
the plastic set is not connected to the boundary. (7.22) 
Recall that for the loading problem, the plastic set is always connected to the 
boundary. 
8. A SEQUENCE OF VARIATIONAL INEQUALITIES 
We define @, for 0 < 0 by Qe=--@-,. 
Consider the variational inequality (1.18). By Theorem 2.1, the solution is 
given by (2.2). To simplify the notation, set 
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and denote the solution of (1.18) by v/z and its Lagrange multiplier by &. 
Thus 
1, E L"(Q), 
suPP A, = PW, -tJ~uz ’ 
(8.1) 
and 
Atyz + V(& vyl,) + v(& VV’z) = -82 in Q. (8.2) 
THEOREM 8.1. There holds 
A2 = %-6J2),2’ (8.3) 
Proof: From (1.11) with 8 = 8, and (8.2) we get 
Again, by (l.ll), 
2A@ W-4)/2 = -(4 - 8,) - wco,-02u2 ~s-~~~,~). 
on pw, - e,y2 we have w2 = -d = -@J(@, -e,),2. It follows that the function 
A= 12 - %,-02,,2 
satisfies 
A E L”(Q), 
suPPA =P(e,-e,),2, 
V . (1 Vd) = 0. 
Thus 
$+U’d=O, A= 0 on ~P~o,-02~,2 ~-7 Q 
and, consequently, 1E 0. 
Consider next the variational inequality 
min 
UEK* 
JVv12dx-2j (1,V~,+A,V~2).Vvdx-28, 
Q 
=j (Vul’dx-2j (II,Vyl,+A2Vy12).Vudu-28,j udx, uEK*. 
Q Q Q (8.4) 
Here e3 is prescribed. If the solution u satisfies 
I Vu(x)1 Q 1 (8.5) 
ELASTIC-PLASTIC TORSION PROBLEM 215 
then it is the solution of the second loading problem; the second loading 
problem is defined by (8.4) with K* replaced by K. 
Denote the solution u of (8.4) by v/~. 
THEOREM 8.2. (a) If 8, < 8, < 8, then 
w3 = w2 + 2%,-0*)/Z = @e, - 2Qiw-0*,,2 - 2%+tJ,,,2; 
(b) ife, < e3 then v3 = Qe,; 
(c) if -8, < e3 < 8, then 
ly3=cPe,--2!P M3,-8,)/z; 
(d) if 0, < -L$ then v3 = Qe,. 
The proof is obtained by direct verification as in the case of Theorem 2.1. 
We next introduce the multiplier 1, for tq3 such that 
13 EL"(Q), 
supp 1, c {coincidence set for v3 }, 
h3 + ~,vw~ + 122v~2 + A3w3) = -e3 
and consider the problem of minimizing 
in Q, 
j 
Q 
]Vv/‘&2j i 1,Vy/,A’vdu-28,j vdx (84 
Q i=l Q 
for u E K*; denote the solution by w.,. If 
then w4 E K and it is the solution minimizing (8.6) for v E K (the second 
unloading problem). 
Consider the case 
-8, <e,<e,, (8.7) 
e,~e,~e,. w3) 
It was shown by Ting [ 171 that if O,, e4 correspond to total “unloading,” i.e., 
if 
I wzdy=o, I v4dx=0, Q Q 
then (8.7) implies (8.8). 
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THEOREM 8.3. If (8.7), (8.8) hold, then 
v4 = Qe, - 2@~0,-0,j,2 - 2@(0~-8~u2 - W3 - 2@ce,-e4v2* (8.9) 
The proof is by direct verification (cf. the proof of Theorem 2.1). 
One can proceed by induction to introduce the next multiplier A, and the 
solution ws (corresponding to a prescribed angle 0,), then introduce A, and 
ws, etc. This is done by Ting [ 171 in the case where the angles 8,) 8,, es,... 
are determined by the total unloading condition. Our approach of using 
explicit formulas (such as in Theorems 8.2, 8.3) simplifies the analysis of the 
general case, and (of course) also gives the structure of the solution. 
We shall describe the structure of the solution in the case corresponding to 
bi-directional twists, that is, 
if 82j-1 < e,, then 8,+, > ezj ; 
if 8, < 8,-,, then 02j+, < 02j; 
the interval with end-points Bzj, ezj+, does not 
contain any ei, i < 2j; 
(8.10) 
8 zj+2 is determined by the condition 
I 
wzj+2 = 0. 
Q 
As shown by Ting [ 171, (8.10) implies that 
t?2j+2 lies in the interval with end-points 02j, 02j+, . (8.11) 
Theorems 8.2, 8.3 can be generalized to give the following formulas: 
w 2m+l = @e, - 2*m-e,y2 - 2@(e,-e,),2 - *** - 2@~e2m-,-e,,+,j,2~ 
W2m+2= V/2m+1 - 2@cezmil-e2,,2~~2~ 
(8.12) 
We point out that if 
l’Wil< l for 1 <i < n (8.13) 
then these vi solve the sequence of loading and unloading problems for 
1 < i < n. However, as we have shown in Section 3, the assertion (8.13) is 
generally false already for the first unloading problem. 
It would be interesting to find a general class of domains and some range 
for the parameters 8, for which (8.13) does hold. 
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Note added in proof. A. Friedman and R. Jensen have recently established (8.13) for the 
first unloading problem in case Q is a square; if Q is a rectangle other than a square, this is 
no longer generally true. 
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